
C�al
ul In�nitesimal I / C�al
ul I Codi: 21702 / 21762Temps: 2 hores 16 de Gener de 2006Problemes1. (6 punts) Donada la fun
i�o f : [0; 1℄ �! R de�nida per f(x) = 1� x3 ex(a) Feu la seva gr�a�
a aproximada en [0; 1℄.(b) Vegeu que 8 x 2 [0; 1℄ es veri�
a que 0 � f(x) � 1=3.(
) Proveu que existeix un �uni
 punt �x \a" de f en [0; 1℄, �es a dir, que l'equa
i�o f(x) = x t�euna �uni
a solu
i�o a 2 [0; 1℄.(Indi
a
i�o: busqueu zeros de la fun
i�o g(x) = f(x)� x.)(d) Proveu que 8 x 2 [0; 1℄, jf 0(x)j � e3.(e) Proveu que 8 x 2 [0; 1℄ es veri�
a jf(x)� aj � e3 jx� aj, on a �es el punt �x trobat a (
).(f) Es 
onsidera la su

essi�o de�nida per u0 = 0 i un = f(un�1), si n � 1; vegeu per indu

i�o,que 0 � un � 13 i que jun � aj � �e3�n jaj.(g) Digueu si la su

essi�o de�nida a (f) �es 
onvergent i, en 
as de ser-ho, digueu quin �es el seul��mit.Resolu
i�o:(a) D = [0; 1℄; f(1) = 0, f(0) = 1=3; f 0(x) = 1� x3 ex � 13ex = �x3 ex � 0, 8 x 2 [0; 1℄; f �esde
reixent entre [0; 1℄; f 00(x) = �x3 ex � 13ex = �x + 13 ex < 0, 
�on
ava.(b) Com f �es de
reixent, f(0) � f(x) � f(1); 13 � f(x) � 0.(
) g(x) = f(x)� x = 1� x3 ex � x; C1g(0) = 1=3g(1) = �1 � T Bolzano ; 9 a 2 [0; 1); g(a) = 0) f(a) = ag0(x) = f 0(x) � 1 = �x3 ex � 1 < 0, 8 x 2 [0; 1℄ ) g0 no s'annul�la mai(g �es estri
amentde
reixent) ) a �uni
.(d) f 0(x) = �x3 ex ) jf 0(x)j = x3ex � 13ex � e3.(e) Pel teorema del valor mig, f(x)� f(a) = f 0(
x)(x� a),jf(x)� aj = jf 0(
x)j jx� aj � e3 jx� aj :(f) u0 = 0; un = f(un�1), n � 1; 0 � un � 13; jun � aj � �e3�n jaj.Demostrem per indu

i�o: n = 1, 0 � u1 � 1=3; 0 � f(0) � 1=3: 
ert.ju1 � aj = jf(0)� aj � e=3jaj 
ert;




ert per a nn+ 1, un+1 = f(un), per l'apartat (b); 0 � f(un) � 1=3jun+1 � aj = jf(un)� aj � e=3jun � aj � �e3�n+1 jaj(g) un �es 
onvergent perqu�e 0 � jun � aj � �e3�n a i lim�e3�n a = 0. Pel lema de l'entrep�a,un � a �! 0) un ! a.2. (7 punts)(a) Considereu l'equa
i�o y + (1� x2) sin y + �x3 = 0, on � 2 R �es un par�ametre. Determineuper a quins valors de � aquesta equa
i�o de�neix, lo
alment a l'origen, y 
om a fun
i�oimpl��
ita de x de 
lasse C1.(b) Per als valors de � determinats a l'apartat anterior, sigui y = '�(x) aquesta fun
i�oimpl��
ita. Proveu que el desenvolupament de Taylor de '�(x) al voltant de x = 0 �es'�(x) = ��2x3 � �4x5 +O(x6).(
) Busqueu � per tal que limx!0 '�(x)� x2 sinxx5 sigui diferent de zero i de 1.(d) Sigui �0 el valor de � 
al
ulat a (
). De�nim la fun
i�o h(x) = x+'�0(x). Dis
utiu si h �esinvertible en un entorn de x = 0 i, en 
as a�rmatiu, trobeu D3h�1(0).Resolu
i�o:(a) f(0; 0) = 0; 8��f�y (0; 0) = �1 + (1� x2) 
os y�(0;0) = 2 6= 0; 8� 9=; teorema fun
i�o impl��
ita8� 2 R , y �es fun
i�o de x en un entorn de (0; 0); y = '�(x), '�(0) = 0.(b) y = '�(x); suposem '�(x) = a1x+ a2x2 + a3x3 + a4x4 + a5x5 +O(x6) (ja sabem a0 = 0).Sabem que 8 x, '�(x) + (1� x2) sin'�(x) + �x3 = 0. Per tant, desenvolupant per Taylor:a1x+ a2x2 + a3x3 + a4x4 + a5x5 +(1� x2) sin(a1x+ a2x2 + � � �+ a5x5) + �x3 +O(x6) = 0,8 x.Usem que sin z = z � z36 + z5120 +O(z6) i notem que:(a1x+a2x2+ � � �+a5x5)2 = a21x2+a22x4+2a1a2x3+2a1a3x4+2a1a4x5+2a2a3x5+O(x6) =a21x2 + 2a1a2x3 + (a22 + 2a1a3)x4 + (2a1a4 + 2a2a3)x5 +O6i que(a1x + � � �+ a5x5)3 = a31x3 + 3a21a2x4 + a1(a22 + 2a1a3)x5 + 2a22a1x5 + a3a21x5 +O6,i que(a1x + � � �+ a5x5)5 = a51x5 +O(x6).Per tant,'�(x)+ (1�x2) sin'�(x)+�x3 = '�(x)+ sin'�(x)�x2 sin'�(x)+�x3 = 2(a1x+ a2x2+a3x3 + a4x4 + a5x5)� 13!(a31x3 + 3a21a2x4 + (a1(a22 + 2a1a3) + 2a22a1 + a3a21)x5) + 15!a51x5 +O(x6)� a1x3 � a2x4 � a3x5 + 13!(a31x5) + �x3 = 0.



Agrupant els termes del mateix grau:2a1 = 0) a1 = 02a2 = 0) a2 = 02a3 � 13!a31 � a1 + � = 0) a3 = ��=22a4 � 13!3a21a2 � a2 = 0) a4 = 02a5 � 13!(a1(a22 + 2a1a3) + 2a22a1 + a3a21) + 15!a51 � a3 + a313! = 0) a5 = a32 = ��=4Per tant, '�(x) = ��2x3 � �4x5 +O(x6).(
) limx!0 '�(x)� x2 sinxx5 = limx!0 �(�=2)x3 � (�=4)x5 � x3 + (x5=6) +O6x5 ; si volem que el l��mitsigui �nit 
al: ��2 � 1 = 0, � = �2; ��4 + 16 6= 0, que �es 
ert per a � = �2; aleshoreslimx!0 = ��4 + 16 = 24 + 16 = 23.(d) �0 = �2; h(x) = x + '�2(x). Com sabem que '�2(x) = x3 + x52 + O(x6), h0(0) = 1,llavors, h �es invertible en un entorn de 0. Sabem queh(x) = x + x3 +O(x4)h�1(x) = b1x+ b2x2 + b3x3 +O(x4)h�1(h(x)) = xb1(x+ x3) + b2(x+ x3)2 + b3(x+ x3)3 +O(x4) = xb1x+ b2x2 + (b1 + b3)x3 +O(x4) = xb1 = 1, b2 = 0, b3 = �1 ) D3h�1(0) = �3! = �6.3. (7 punts) Considerem el seg�uent sistema d'equa
ions:u = y + ex�y � ey�xv = x� ex�y + ey�x � (�)(a) Demostreu que el sistema (�) de�neix x = f(u; v), y = g(u; v) en un entorn de (0; 0) talque f(0; 0) = g(0; 0) = 0.(b) Sigui la fun
i�o S(x; y) = �xy� ex�y� ey�x. Demostreu que t�e un m�axim relatiu en (0; 0).(
) Siguin u0; v0 2 R �xats i 
onsiderem la fun
i�o S(x; y) = u0x + v0y � xy � ex�y � ey�x. Sisuposem que x0 = f(u0; v0) i y0 = g(u0; v0) estan ben de�nits, demostreu que S(x; y) t�eun m�axim relatiu en (x0; y0).Resolu
i�o:(a) Podem usar el teorema de la fun
i�o inversaF : R2 �! R2(x; y) �! (y + ex�y � ey�x; x� ex�y + ey�x)F (0; 0) = (0; 0)detDF (0; 0) = ���� ex�y + ey�x 1� ex�y � ey�x1� ex�y � ey�x ex�y + ey�x ���� (0; 0) = ���� 2 �1�1 2 ���� = 3 6= 0



9U entorn de (0; 0), fjU : U �! f(U) �es invertible. La inversa (x; y) = F�1(u; v) =(f(u; v); g(u; v)).(b) S(x; y) = �xy � ex�y � ey�x�xS(x; y) = �y � ex�y + ey�x �xS(0; 0) = 0�yS(x; y) = �x + ex�y � ey�x �yS(0; 0) = 0�xxS(x; y) = �ex�y � ey�x�xyS(x; y) = �1 + ex�y + ey�x = �yxS(x; y)�yyS(x; y) = �ex�y � ey�xHS(0; 0) = � �2 11 �2 � det = 3 > 0tra�
a = �4 < 0 =) m�axim relatiu en (0; 0).(
) u0; v0 �xats; S(x; y) = u0x + v0y � xy � ex�y � ey�xx0 = f(u0; v0)y0 = g(u0; v0) � aix�o vol dir que (x0; y0; u0; v0) veri�quen (*)�S�x (x0; y0) = u0 � y0 � ex0�y0 + ey0�x0 = 0�S�y (x0; y0) = v0 � x0 + ex0�y0 � ey0�x0 = 0 9>=>; (x0; y0) 
andidat a extrem�2S�x2 = �ex0�y0 � ey0�x0; �2S�y2 = �ex0�y0 � ey0�x0; �2S�x�y = �2S�y�x = �1 + ex0�y0 + ey0�x0 .Per tant, HS(x0; y0) = ���� �ex0�y0 � ey0�x0 �1 + ex0�y0 + ey0�x0�1 + ex0�y0 + ey0�x0 �ex0�y0 � ey0�x0 ����detH = (ex0�y0 + ey0�x0)2 � (�1 + ex0�y0 + ey0�x0)2 == �2(ex0�y0 + ey0�x0)� 1� = 2 
osh(x0 � y0)� 1 > 0 ;tra�
a = �2�ex0�y0 + ey0�x0� < 0; (x0; y0) �es un m�axim.


