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7. Derivació

1 .

(a) f(x) = E(x) sin x no és derivable a l’origen. El ĺım
h→0

f(0 + h) − f(0)

h
no existeix, ja que els

ĺımits laterals són diferents:

ĺım
h→0+

E(h) sin h

h
= ĺım

h→0

0

h
= 0 , ĺım

h→0−

E(h) sin h

h
= ĺım

h→0
−sinh

h
= −1 .

(b) f ′(0) = ĺım
h→0

f(h) − f(0)

h
= ĺım

h→0

h2χQ(h) − 0

h
= ĺım

h→0
hχQ(h) = 0.

(c) f ′(0) = ĺım
h→0

h|h| − 0

h
= ĺım

h→0
|h| = 0.

(d) f(x) = x arctan
1

x
no és derivable a l’origen. El ĺım

h→0

f(0 + h) − f(0)

h
no existeix, ja que els

ĺımits laterals són diferents:

ĺım
h→0+

arctan

(

1

h

)

= π , ĺım
h→0−

arctan

(

1

h

)

= −π .

2 . Estudiem

f(x) =











√
x + 1 − 1

3
√

x
, si x 6= 0 ,

0, si x = 0 .

f ′(0) = ĺım
h→0

√
h + 1 − 1

3
√

h
− 0

h
= ĺım

h→0

√
h + 1 − 1

h
3
√

h
= ĺım

h→0

1

h1/3(
√

h + 1 + 1)
= ∞ . Llavors f no és

derivable en x = 0.

3 . R

Estudiem

f(x) =







x2 sin
1

x
, si x 6= 0 ,

0, si x = 0 .

f ′(0) = ĺım
h→0

h2 sin
1

h
− 0

h
= ĺım

h→0
h sin

1

h
= 0. Llavors f és derivable en x = 0.

Funció derivada:

f ′(x) =







2x sin
1

x
− cos

1

x
, si x 6= 0 ,

0, si x = 0 .

ĺım
x→0

f ′(0) no existeix; per tant, f ′(x) no és cont́ınua en x = 0.
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4 . Sigui

f1 = |x| f1 ∈ C0(R) però f1 6∈ C1(R)

f2 =

∫ x

0
f1(x

′)dx′ =
x|x|
2

⇒ f2 ∈ C1(R) però f2 6∈ C2(R)

f3 =

∫ x

0
f2(x

′)dx′ =
x2|x|
3 · 2 ⇒ f3 ∈ C2(R) però f3 6∈ C3(R)

f4 =

∫ x

0
f3(x

′)dx′ =
x3|x|

4!
⇒ f4 ∈ C3(R) però f4 6∈ C4(R)

f5 =

∫ x

0
f4(x

′)dx′ =
x4|x|

5!
⇒ f5 ∈ C4(R) però f5 6∈ C5(R)

Per tant, la funció f(x) = x4|x| és tal que f ∈ C4(R) i f 6∈ C5(R).

5 . *

6 .
∂f

∂x
= xyx · yx ·

(

lnx ln y +
1

x

)

;
∂f

∂y
= xyx · yx−1 · x lnx .

7 .
∂f

∂x
= 2x tan

y2

x2 + y2
− 2x3y2

(x2 + y2)2 cos2
y2

x2 + y2

;
∂f

∂y
=

2x4y

(x2 + y2)2 cos2
y2

x2 + y2

.

8 . Dyf(0, π) = ĺım
y→π

f(0, y) − f(0, π)

y − π
= ĺım

y→π

−y2 + π2

y − π
= ĺım

y→π
−(y + π) = −2π .

9 . Dxxf = Dx(yx ln y) = yx(ln y)2 , y > 0

Dxyf = Dy(y
x ln y) = xyx−1 ln y + yx−1 , y > 0

Dyxf = Dx(xyx−1) = yx−1 + xyx−1 ln y , y > 0

Dyyf = Dy(xyx−1) = x(x − 1)yx−2 , y > 0

10 . *

11 . Dn
xf(x) =

n
∑

k=0

(

n

k

)

dk(x3)

dxk

dn−k cos x

dxn−k
= x3 dn cos x

dxn
+ 3nx2 dn−1 cos x

dxn−1
+

+

(

n

2

)

6x
dn−2 cos x

dxn−2
+

(

n

3

)

6
dn−3 cos x

dxn−3
, on

di cos x

dxi
=

{

(−1)
i

2 cos x si i és parell,

(−1)
i+1

2 sin x si i és senar.

12 . *

13 . **

14 . D1f(0, 0) = ĺım
x→0

f(x, 0) − f(0, 0)

x − 0
= ĺım

x→0
−2 = −2.



Derivació. 39

D2f(0, 0) = ĺım
y→0

f(0, y) − f(0, 0)

y − 0
= ĺım

y→0

0

y
= 0.

15 . Dyf(x, 0) = ĺım
y→0

f(x, y) − f(x, 0)

y − 0
= ĺım

y→0
y sin

x

y
= 0.

Dyf(x, y) = 2y sin
x

y
− x cos

x

y
, y 6= 0.

ĺım
y→0

Dyf(x, y) = 0 − x ĺım
y→0

cos
x

y
no existeix, aleshores Dyf(x, y) no cont́ınua.

16 . *

(a) f(x, y) =







xy

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
No és cont́ınua a l’origen:

ĺım
x→0

f(x, x) = ĺım
x→0

x2

2x2
=

1

2
, i ĺım

x→0
f(x,−x) = ĺım

x→0

−x2

2x2
= −1

2
.

Dxf(0, 0) = ĺım
x→0

f(x, 0) − f(0, 0)

x − 0
= ĺım

x→0

0 − 0

x
= 0; Dyf(0, 0) = 0.

Les derivades parcials no poden ser cont́ınues perquè si ho fossin, f seria C1 , però no és
cont́ınua.

(b) g(x, y) =







x2y

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
És cont́ınua a l’origen:

|g(r cos θ, r sin θ)| ≤
∣

∣

∣

∣

∣

r3

r2
sin θ

∣

∣

∣

∣

∣

≤ r −→ 0.

Dxg(0, 0) = 0 Dxg(x, y) =
2xy3

(x2 + y2)2
; Dyg(0, 0) = 0 , Dyg(x, y) =

x2(x2 − y2)

(x2 + y2)2
.

ĺım
(0,0)

Dxg(x, y) no existeix; Dxg(x, αx) −→ 2α3

(1 + α2)2
.

ĺım
(0,0)

Dyg(x, y) no existeix; Dyg(x, αx) −→ 1 − α2

(1 + α2)2
.

Les derivades parcials no són cont́ınues.

(c) h(x, y) = y sin
1

x
, x 6= 0; h(0, y) = 0.

ĺım
x→0

h(x, y) = ĺım
x→0

y sin
1

x
= y ĺım

x→0

1

x
no existeix ⇒ h no és cont́ınua a (0, y).

∂h

∂x
(0, y) = ĺım

h→0

y sin 1
h

h
no existeix.

∂h

∂y
(0, y) = ĺım

h→0

0 − 0

h
= 0.

∂h

∂y
(x, y) = sin

1

x
, x 6= 0.

ĺım
x→0

∂h

∂y
(x, y) no existeix ⇒ ∂h

∂y
no és cont́ınua a (0, y).
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17 . f(x, y) =







x sin y − y sinx

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

Dxf(x, y) =
∂f

∂x
(x, y) =

(sin y − y cos x)(x2 + y2) − 2x(x sin y − y sin x)

(x2 + y2)2
si (x, y) 6= (0, 0)

Dxf(0, 0) = ĺım
h→0

f(h, 0) − f(0, 0)

h
= ĺım

h→0

0

h3
= 0.

Dxxf(0, 0) = ĺım
h→0

Dxf(h, 0) − Dxf(0, 0)

h
= ĺım

h→0

0
h4 − 0

h
= 0.

Dyf(x, y) =
∂f

∂y
(x, y) =

(x cos y − sinx)(x2 + y2) − 2y(x sin y − y sinx)

(x2 + y2)2
, si (x, y) 6= (0, 0) .

Dyf(0, 0) = ĺım
h→0

f(0, h) − f(0, 0)

h
= ĺım

h→0

0
h2 − 0

h
= 0.

Dyxf(0, 0) = ĺım
h→0

Dyf(h, 0) − Dyf(0, 0)

h
= ĺım

h→0

(h−sin h)h2

(h2)2
− 0

h
= ĺım

h→0

h − sinh

h3
= ĺım

h→0

1 − cos h

3h2
=

= ĺım
h→0

sinh

6h
= ĺım

h→0

cos h

6
=

1

6
.

18 .

19 .

20 .

21 .

22 . * R

23 . *

24 .

25 .

26 .

27 .

28 .

29 .

30 . *R

31 .

32 .
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33 .

(a) Dvf(a) = ∇f(a) · v ; ∇f(x, y, z) = (2x + 2y, 2x, −3z2); ∇f(a) = (22, 14,−3)

⇒ Dvf(a) = (22, 14,−3)
1√
14

(1, 2, 3) =
1√
14

(22 + 28 − 9) =
41√
14

.

(b) vmax =
∇f(a)

‖ ∇f(a) ‖ =
1√

222 + 142 + 32
(22, 14,−3) =

1√
689

(22, 14,−3).

34 . Sigui v = (v1, v2) tal que v2
1 + v2

2 = 1.

Dvf(0, 0) = ĺım
t→0

f(tv1, tv2) − f(0, 0)

t
= ĺım

t→0

t2/3 3
√

v1v2

t
=

= ĺım
t→0

√
v1v2

t1/3
=



















no existeix si v1 · v2 6= 0

0 si v1 · v2 = 0 ⇔











v1 = 0
o
v2 = 0.

35 . D−vf(a) = ĺım
t→0

f(a + t(−v)) − f(a)

t
=

s↔−t
ĺım
s→0

f(a + sv) − f(a)

−s
=

= − ĺım
s→0

f(a + sv) − f(a)

s
= −Dvf(a).

36 . Dv1
f(0, 2) =

(

∂f

∂x
,
∂f

∂y

)

∣

∣

∣

∣

∣

(0,2)

(

1√
2
,

1√
2

)

= − 1√
2

=⇒ ∂f

∂x
+

∂f

∂y
= −1 (1)

Dv2
f(0, 2) =

(

∂f

∂x
,
∂f

∂y

)

∣

∣

∣

∣

∣

(0,2)

(

− 1√
2
,

1√
2

)

=
3√
2

=⇒ −∂f

∂x
+

∂f

∂y
= 3 (2)

(1) + (2) =⇒ 2
∂f

∂y
(0, 2) = 2 =⇒ ∂f

∂y
(0, 2) = 1 (1) =⇒ ∂f

∂x
(0, 2) = −2.

Per tant, ∇f(0, 2) = (−2, 1).

37 .

D1(f ◦ g) = f ′(g) · D1g

D2(f ◦ g) = f ′(g) · D2g

D3(f ◦ g) = f ′(g) · D3g











⇒ ‖ ∇h ‖2= [f ′(g)]2
(

(D1g)2 + (D2g)2 + (D3g)2
)

=
= [f ′(g)]2(4(x2 + y2 + z2)) = 4g(x, y, z)[f ′(g)]2 .

38 .

39 .

40 .

41 .

42 .
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43 . Tenim les equacions Fxẋ+Fyẏ = 0, ẋ2 + ẏ2 = c . Derivant dues vegades la primera i una vegada
la segona:

1) ∂2
xxF (ẋ)2 + ∂2

yyF (ẏ)2 + 2∂2
xyFẋẏ + ∂xFẍ + ∂yF ÿ = 0

2) ẋẍ + ẏÿ = 0
Substituint ẍ en la primera equació s’obté

ÿ =
−ẋ

ẋ∂yF − ẏ∂xF

[

∂2
xxF (ẋ)2 + ∂2

yyF (ẏ)2 + 2∂2
xyFẋẏ

]

,

i finalment per trobar ẍ usem l’equació 2)
En el nostre cas tenim que ∂xF (1, 1) = 3; ∂yF (1, 1) = 2
∂2

xxF (1, 1) = 2; ∂2
yyF (1, 1) = 0; ∂2

xyF (1, 1) = 3; ẋ = 1; ẏ = −3 =⇒

ÿ =
16

11
i per tant, ẍ = − ẏÿ

ẏ
=

48

11
.


