
Càlcul Infinitesimal/Càlcul I Codi: 21702/21762 A
Temps: 50 minuts Test (8 punts) 16 de Juny de 2009

1. Sigui f(x, y) =
x2y − 2y3

x2 + y2
si (x, y) 6= (0, 0) i f(0, 0) = 0. Calculeu, si existeix, Dxyf(0, 0) = Dy(Dxf)(0, 0).

Resolució: Dxf(x, y) =
2xy(x2 + y2) − (x2y − 2y3)2x

(x2 + y2)2
=

6xy3

(x2 + y2)2
, si (x, y) 6= (0, 0).

Dxf(0, 0) = lim
x→0

f(x, 0) − f(0, 0)

x − 0
= lim

x→0

(0/x2)

x
= lim

x→0

0

x3
= 0

Dxyf(0, 0) = Dy(Dxf)(0, 0) = lim
y→0

Dxf(0, y)− Dxf(0, 0)

y − 0
= lim

(0/y4)

y
= lim

y→0

0

y5
= 0.

2. Sigui (an)n∈N la successió definida recurrentment per a a1 = 0 i an+1 =
√

2 + an, si n ≥ 1. Demostreu per inducció
que an ≤ 2 per a tot n ≥ 1 i que an és estrictament creixent. Digueu si existeix lim

n

an i quant val.

Resolució: • a1 = 0 < 2. Suposem an ≤ 2 per a un cert n ≥ 1; llavors an+1 =
√

2 + an ≤
√

2 + 2 = 2

• a2 =
√

2 > 1 = a1. Suposem an > an−1 per a un cert n ≥ 2; llavors an+1 =
√

2 + an >
√

2 + an−1 = an.

Llavors (an)n∈N és una successió estrictament creixent i acotada superiorment i per tant ∃L = lim
n

an verificant

L =
√

2 + L ⇐⇒ L2 − L − 2 = 0, d’on L ∈ {−1, 2}. Com que an ≥ 0 per a tot n tenim L = 2.
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3. Siguin f(x, y) = (ex − y, ln y) i g(u, v) = (1 + u)v. Valculeu D(g ◦ f−1)(0, 0).

Resolució: f−1(0, 0) = (x, y) ⇐⇒ f(x, y) = (0, 0) ⇐⇒
{

ex − y = 0
ln y = 0

}

⇐⇒ y = 1, x = 0.

Aix́ı doncs, f(0, 1) = (0, 0) i f−1(0, 0) = (0, 1).

Df(x, y) =

(

ex −1
0 1

y

)

=⇒ Df−1(0, 0) = (Df(0, 1))−1 =

(

1 −1
0 1

)

=

(

1 1
0 1

)

.

Dg(u, v) =
(

(1 + u)v−1v (1 + u)v ln(1 + u)
)

, on usem g(u, v) = ev ln(1+u).

Dg(0, 1) = (1, 0).

D(g ◦ f−1)(0, 0) = Dg
(

f−1(0, 0)
)

· Df−1(0, 0) = (1 0)

(

1 1
0 1

)

= (1 1).

4. Sigui z(x, y) la funció definida impĺıcitament per l’equació zez + cosx − 1 − y2 = 0 i z(0, 0) = 0. Digueu si z(x, y) té
un extrem relatiu en (0, 0) i si és aix́ı classifiqueu-lo.

Resolució: f(x, y, z) = zez + cosx − 1 − y2 verifica f(0, 0, 0) = 0 i Dzf(0, 0, 0) = 1 6= 0. Per tant podem äıllar
z = z(x, y) amb z(0, 0) = 0. Si derivem impĺıcitament f(x, y, z(x, y)) = 0 obtenim:

• ez(1 + z)Dxz − sin x = 0 =⇒ Dxz(0, 0) = 0.

• ez(1 + z)Dyz − 2y = 0 =⇒ Dyz(0, 0) = 0.

Aix́ı, z(x, y) té un candidat a extrem relatiu en (0, 0)

• ez(2 + z)(Dxz)2 + ez(1 + z)Dxxz − cosx = 0 =⇒ Dxxz(0, 0) = 1.

• ez(2 + z)Dxz · Dyz + ez(1 + z)Dxyz = 0 =⇒ Dxyz(0, 0) = 0.

• ez(2 + z)(Dyz)2 + ez(1 + z)Dyyz − 2 = 0 =⇒ Dyyz(0, 0) = 2.

Aix́ı, Hz(0, 0) =

(

1 0
0 2

)

té valors propis 1, 2 > 0 =⇒ mı́nim relatiu.


